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Abstract
In this paper we study the localization of a model with kinetic gauge
mixing on a thin membrane. The model we discuss is a theory for mil-
licharged particles, proposed by Holdom in 1985, and that now is object of
study in the LHC. We propose a geometrical coupling between the gauge
fields, the Ricci scalar and the Ricci tensor. We show that it is possi-
ble to localize such a model by regarding specific values for the coupling
constants. We find the solutions for the two gauge fields and discuss the
localization for scalar fields that appears naturally in the process. We
show that not necessarilly the gauge and scalar fields are localized at the
same time.
1e-mail: ivan@fisica.ufc.br
1 Introduction
Theories with kinetic mixing are beyond the standard model(SM) and they have
been studied in the last years. From the viewpoint of four dimensions it can
be justified by the presence of a hidden sector [1]. A sector of particles that
would be a mirrow to the standard model. It is also important to dark matter
models [2], charge quantization [3, 4] and the existence of millicharges [1, 5–9].
From the perspectives of extra dimensions there are several studies too. For
example, in brane-antibrane models kinetic mixing of gauge fields is very natural
in nonsuper-symmetric string set-ups [10]. Kinetic mixing in string theory have
been computed in several models [11–21]. The question we want to treat in
this work is about the existence and localization of these models in membranes
in the context of extra dimensions. We know that, in four dimensions, there
are a bunch of models with two gauge factors. These models give explanations
for some problems in Physics and even suggest new Physics. However, as we
know, the fields in four dimensions must be localized, and none of theses models
mention this fact.
In the scenario of extra dimensions, the Randall Sundrum model(RS) [22,23]
achieved great success and, despite of it, contained a crucial problem: the lo-
calization of the gauge fields. In that model they proposed that just gravity
would be able to travel in a five dimensional bulk, bounded by four dimensional
universes called branes, one with positive and other with negative tension, while
the fields of the standard model would be trapped in theses 4-dimensional uni-
verses. However, they did not mention a mechanism of localization of fields
other than gravity.
Many works suggesting mechanisms to localize the gauge field have been
proposed [24–27, 30]. The essence of all of these mechanisms is to modify the
action of the electromagnetic field. In one of them it is made the suggestion that
to localize the gauge field it is necessary to add a scalar field in the bulk [24].
Another mechanism was proposed in [25]. In this last one, the authors assume
that the 5-D gauge field has a dynamical mass term that is proportional to the
Ricci scalar. These methods have problems that are fixed in [30]. Where the
authors use a non minimal coupling to localize the gauge field. In this work we
use the geometrical coupling to localize a model with kinetic mixing of gauge
fields. In order to do this, we couple the gauge field with the Ricci scalar [30]
in such a way that we can work without too many parameteres to fix. We also
show that the coulpling with the Ricci tensor is an efficient method to localize
the gauge fields.
The organization of the paper follows. In the second section, we propose
a generalization of Holdom‘s action [9] to five dimensions and evaluate basic
localization mechanisms. In the third section, we propose in fact a localization
mechanism to Holdom‘s model. In section four, we analysis the localization of
our model using the Ricci tensor. In the fifth section, we treat the localization
of the scalar components of the fields. Finally, we present results, discussions
and perspectives of future work.
1
2 Two Gauge Fields in Five Dimensions With
Minimal Coupling
In this section we generalize to five dimensions the model presented in [9] and
try to localize it into a thin membrane. The generalized action reads:
S = −
∫
d5x
√−g
[
1
4
gMP gNQF
(1)
MNF
(1)
PQ
+
1
4
gMP gNQF
(2)
MNF
(2)
PQ +
λ
2
gMP gNQF
(1)
MNF
(2)
PQ
]
. (1)
Differently from [25], we consider in this work the conformal (RS) metric;
ds2 = e2A(y)(ηµνdx
µdxν + dy2). (2)
Here we are regarding two gauge fields and, consequently, we have two field
strengths. The uppercase latin indexes reffer to the 5-dimensional space-time.
Varying the action (1) with respect to A
(1)
M and to A
(2)
M , we obtain the following
equations of motion:
∂N
(√−ggMP gNQF (1)PQ)+ λ∂N (√−ggMP gNQF (2)PQ) = 0 (3)
∂N
(√−ggMP gNQF (2)PQ)+ λ∂N (√−ggMP gNQF (1)PQ) = 0. (4)
Then, there is a discrete symmetry in this model that is given by the exchange
of the two gauge fields A
(1)
M ⇌ A
(2)
M .
Using the equations (3) and (4), we obtain
(1 − λ2)∂N
(√−ggMP gNQF (i)PQ) = 0, (5)
where i = 1, 2. Fixing M = 5 in the equation (5) we get
∂µ
(
eAF
5µ
i
)
= 0. (6)
Now by fixing M = ν we find
∂5(e
AF ν5(i) ) + e
A∂µ(F
νµ
(i) ) = 0. (7)
Because we are working in the massless case, we can parametrize the 5-D gauge
boson in the form AM = (Aµ, A5 = 0) , and use the Lorentz gauge ∂µA
µ = 0.
Using these facts in (7) we get the equation:
∂5(e
A∂5Aν(i)) + e
A
Aν(i) = 0. (8)
We propose a solution for the gauge field in the form:
2
Aν(i)(x, y) = A˜
ν
i (x)e
−
A
2 ψi(y). (9)
Putting (9) in (8) we obtain the following equations:
A˜νi (x) = m
2A˜νi (x) (10)
and
ψ′′i −
(
A′′
2
+
(A′)2
4
)
ψi = −m2ψi. (11)
For the zero mode we get the solution
ψi = e
A
2 . (12)
With this solution the zero mode of Aν(i) is not localized. And it is easy to be
realized. If we put the value found for ψi in (9), we get
Aν(i) = A˜
ν
(i). (13)
With this, the effective theory becomes
S = −
∫
∞
−∞
eAdy
∫
d4x
[
1
4
F˜ (1)µν F˜
µν
(1) +
1
4
F˜ (2)µν F˜
µν
(2)
+
λ
2
F˜ (1)µν F˜
µν
(2)
]
. (14)
Once that we are working based in the Randall Sundrum model, we use its
warp factor A = − ln(k |y| + 1). Performing the integral that appears in front
of the equation (14), we get a not convergent result. In [7], they get a confined
theory, without adding any potential term, because they work in the Randall
Sundrum type-I, where the extra dimension is compactified. As we are working
with the RS-II, we need to add some potential terms to the action (1), in order
to localize the effective theory.
3 Two Gauge Fields With Non-minimal Cou-
pling
We saw that the action presented in the last section is not a good candidate for
an action for kinetic mixing of gauge fields in five dimensions, once that it does
not localize the gauge fields as is proposed in [24–27, 30]. We now modify this
action taking advantage of the model with geometrical coupling:
3
S = −
∫
d5x
√−g
[
1
4
gMP gNQF
(1)
MNF
(1)
PQ
+
1
4
gMP gNQF
(2)
MNF
(2)
PQ +
α
2
gMP gNQF
(1)
MNF
(2)
PQ+ (15)
λ1
2
RgMNA
(1)
M A
(1)
N +
λ2
2
RgMNA
(2)
M A
(2)
N + λ3Rg
MNA
(1)
M A
(2)
N
]
.
We have added the coupling between the Ricci scalar and the gauge fields
through the last three terms above. Again we vary with respect to A
(1)
M and to
A
(2)
M , and we get:
∂M
(√−gFMN(1) )+ α∂M (√−gFMN(2) )−
λ1R
√−gAN(1) − λ3R
√−gAN(2) = 0 (16)
and
∂M
(√−gFMN(2) )+ α∂M (√−gFMN(1) )−
λ2R
√−gAN(2) − λ3R
√−gAN(1) = 0. (17)
Note that there is a discrete symmetry in this model when we change λ1 for λ2
and A
(1)
M for A
(2)
M .
We need to do some manipulations in the equations (16) and (17) using the
antisymmetry of FMN , split the vectorial and scalar parts of the fields applying
the identities between the field Strength and the gauge field found in [30] and
taking the gauge field as follow
AM = (Aµ, A5). (18)
The four dimensional field is given by:
Aµ = AµT +A
µ
L, (19)
where AµT and A
µ
L are the transverse and the longitudinal parts of the field.
Their explicit form is:
A
µ
T = (δ
µ
ν −
∂µ∂ν

)Aν AµL =
∂µ∂ν

Aν . (20)
After all this work, we finally get the following matricial form for the equations
(16) and (17)
(
+ e−A∂5(e
A∂5) 0
0 + e−A∂5(e
A∂5)
)(
AνT,(1)
AνT,(2)
)
= − Re
2A
(1− α2)
(
(αλ3 − λ1) (αλ2 − λ3)
(αλ1 − λ3) (αλ3 − λ2)
)(
Aν
T,(1)
Aν
T,(2)
)
. (21)
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We have to diagonalize the matrix of the parameters in the equation above
in order to get separated equations. The matrix of the eigenvectors is given by:
P =
(
αλ2−λ3
λ1−λ2
2
+ 1
2
B
αλ2−λ3
λ1−λ2
2
−
1
2
B
1 1
)
, (22)
where B =
√
(λ1 − λ2)2 + 4λ3[λ3 − α(λ1 + λ2)] + 4α2λ1λ2. After redefining
the fields as follow (
A¯ν
T,(1)
A¯ν
T,(2)
)
= P−1
(
Aν
T,(1)
Aν
T,(2)
)
,
and making some mathematical steps we get the desired separated equations:
A¯ν(i),T + e
−A∂5[e
A∂5A¯ν(i),T ] =
−R
(1− α2)e
2AA¯ν(i),T
(
αλ3 − (A∓B)
2
)
. (23)
Doing the Kaluza-Klein decomposition A¯ν(i),T = e
−
A
2 A˜ν(i),Tψi(y) , where i =
1, 2 in equations (23) , we obtain
ψ′′(i)−
{
A′′
[
1
2
+
8
(1 − α2)
(
αλ3 − (A∓B)
2
)]
+A′2
[
1
4
+
12
(1− α2)
(
αλ3 − (A∓B)
2
)]}
ψ(i).
(24)
From these equations we get two relations, for i = 1, 2, that localize Aν
T,(1) and
AνT,(2), respectively. They are
(
αλ3 − (A−B)
2
)
=
(1− α2)
16
,
(
αλ3 − (A+B)
2
)
=
(1 − α2)
16
. (25)
Adding the two relations in (25), we obtain that B = 0. If B = 0 the matrix
of the eigenvectors (22) does not have inverse, and we can not diagonalize the
matrix of the coupling constants in (21).That way we are not allowed to work
with any value for the coupling constants. We must find a relation for them
that obeys the localization condition B = 0, and allow the matrix (22) to have
an inverse. Let us see wich relation is that.
Writing (22) as
P =
(
K1 K2
1 1
)
. (26)
Where K1 and K2 are given by
K1 =
2(αλ2 − λ3)
λ1 − λ2 +B , K2 =
2(αλ2 − λ3)
λ1 − λ2 −B . (27)
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Dividing K1 by K2, and making C = λ1 − λ2, we get (K1 − K2)C = 0. As
K1 must be different of K2, in order to have detP 6= 0, we end up with C = 0.
This leads to λ1 = λ2 = λ. Substituing λ1 = λ2 in the expression for B and
equalizing to zero, we find that λ3 = λα. With these values for the parameters,
the matrix for these constants in (21) gets a diagonal form. Let us now work
with the separated equations that comes from (21).
By putting the allowed values for the coupling constants we get
Aν(i),T + e
−A∂5[e
A∂5Aν(i),T ] = λRe
2AAνT,(i). (28)
Using the ansatz for the solutions as before, Aν(i),T = e
−
A
2 A˜ν(i),Tψi(y), and
the Ricci scalar computed from the conformal Randall-Sundrum metric R =
−e−2A(8A′′ + 12A′2) we obtain from the equation (28)
ψ
′′
i −
[
A′2
(
1
4
− 12λ
)
+A′′
(
1
2
− 8λ
)]
ψi = 0. (29)
For the zero mode, which means m = 0, we can propose a solution of the form
ψi = e
cA. With this we get the relations:
λ = 0, λ = − 1
16
. (30)
For the first one we get one solution, ψi = e
A
2 , that does not localize the fields,
while for the second one we have ψi = e
A, that localize the fields. Using the
solution that localizes the fields we get the final form for the two gauge vectors
Aν(i),T = e
A
2 A˜νT,i. (31)
We then have the two gauge fields. One can be interpreted as the usual
gauge field and other the gauge field from the hidden sector [1]. What we can
not tell yet is which one is from the hidden sector . It is an interesting fact, that
both fields have the same form and the same coupling constant with the Ricci
scalar. If, for example, we say that one of the fields in (31) is the usual U(1)
gauge field, interaction of charged particles from the hidden sector with this
field can generate millicharged particles (particles with fraction of the electron
charge). Yet, interaction of massive fermions with the other gauge field in (31)
might create dark matter [2]. We see that with the geometrical coupling it is
possible to localize a model with two gauge fields. We will see it clearly when
we show the effective action.
We are now going to show how is the effective action. In order to show it
we have to decompose all terms in the starting action by using our separation
for the gauge field Aµ = AµT + A
µ
L, the condition ∂µA
µ
T = 0 and the fact that
part of the component 12g
55gµνFµ5Fν5 cancels out with the components that
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are coupled with the Ricci scalar. After doing all of that we see that we can
separate the action in one vectorial part and in a scalar part:
SV = −
∫
d5x
√−g
[
1
4
gµνgλρF
(1),T
µλ F
(1),T
νρ
+
1
4
gµνgλρF
(2),T
µλ F
(2),T
νρ +
α
2
gµνgλρF
(1),T
µλ F
(2),T
νρ
]
(32)
SS = −
∫
d5x
√−g
[
1
2
g55gµν∂µA
(i)
5 ∂νA
(i)
5 +
1
2
g55gµνA
(i)
5 ∂5∂µA
(i)
ν,L +
1
2
g55gµν∂5(∂νA
(i)
µ,L)A
(i)
5 +
1
2
g55gµν∂5A
(i)
µ,L∂5A
(i)
ν,L + αg
55gµν∂5A
(1)
µ,L∂5A
(2)
ν,L
αg55gµν∂5∂νA
(1)
µ,LA
(2)
5 + αg
55gµνA
(1)
5
∂5∂µA
(2)
ν,L + αg
55gµν∂µA
(1)
5 ∂νA
(2)
5 +
+
λiR
2
g55A
(i)
5 A
(i)
5 + λ3Rg
55A
(1)
5 A
(2)
5
]
. (33)
Now replacing the gauge fields that we found (31) in the vectorial action (32),
we obtain:
SV = −
∫
∞
−∞
e2Ady
∫
d4x
[
1
4
F˜
(1)
µλ F˜
µλ
(1) +
1
4
F˜
(2)
µλ
F˜
µλ
(2) +
α
2
F˜
(1)
µλ F˜
(2)
µλ
]
. (34)
Solving the integral
∫
∞
−∞
e2Ady with A(y) = − ln(|y| + 1) we get as result 2
k
.
This means that the whole action above is localized. This action is an action
for millicharged particles. And we showed that it can be localized using the
geometrical coupling.
4 Coupling with the Ricci tensor
We also constructed a model for localization of the gauge fields using the Ricci
tensor. In this attempt we used the Ricci tensor computed from the conformal
RS metric that can be found at [31]. We proposed an action that is very similar
to the one with the Ricci scalar. However, the Ricci tensor takes the place of
the Ricci scalar. The actions reads:
7
S = −
∫
d5x
√−g
[
1
4
gMP gNQF
(1)
MNF
(1)
PQ +
1
4
gMP gNQF
(2)
MNF
(2)
PQ
+
α
2
gMP gNQF
(1)
MNF
(2)
PQ +
λ1
2
RMNg
MP gNQA
(1)
P A
(1)
Q
+
λ2
2
RMNg
MP gNQA
(2)
P A
(2)
Q + λ3RMNg
MP gNQA
(1)
P A
(2)
Q
]
. (35)
Doing the same processes above where we vary the action with respect to the
two fields, combine the equations of motions, separate the scalar and vectorial
parts, using the identities introduced in [30] and put the resulting equations in
matricial form we find:
(
+ e−A∂5(e
A∂5) 0
0 + e−A∂5(e
A∂5)
)(
Aν
T,(1)
Aν
T,(2)
)
= − R
νµ
(1 − α2)
(
(αλ3 − λ1) (αλ2 − λ3)
(αλ1 − λ3) (αλ3 − λ2)
)(
A
(1)
µ,T
A
(2)
µ,T
)
. (36)
As we can see from (36), we get an equation with structure similar to (21)
, what was already expected, once that we just replaced the Ricci scalar by the
Ricci tensor . According to the process done in the previous section we have
to have specific values for the parameters in order to localize both fields. With
these parameters placed in (36) we have two separated equations.
AνT,(i) + e
−A∂5(e
A∂5AνT,(i)) = λR
µνATµ,(i). (37)
Here we have used the Ricci tensor computed from [31] with D = 5. After
some mathematical procedures, we get the two Schrodinger type equations,
with m = 0. This time, when we impose that both gauge fields have to be
localized, we find the following relations for the parameters
λ = 0, λ = −2. (38)
For λ = 0 we get one solution for the Schrodinger equation that does not localize
the fields. While that for λ = −2 we have ψ(i) = e 5A2 , wich indeed localizes the
fields. For this solutions we get a convergent result for the integral
∫
∞
−∞
ψ2i dy.
We see that the coupling with the Ricci tensor is also a good way to localize the
gauge fields.
5 Scalar Action
We now focus our attention in the scalar componentes for the coupling of the
gauge fields with the Ricci scalar. We could do this analysis from the action
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(33). However, for simplicity , we will use the components A5 of the equations
(16) and (17):
∂µF
5µ
(1) +
Re2A
(1 − α2) (αλ2Φ2 + αλ3Φ1 − λ1Φ1 − λ3Φ2) = 0 (39)
and
∂µF
5µ
(2) +
Re2A
(1− α2) (αλ1Φ1 + αλ3Φ2 − λ2Φ2 − λ3Φ1) = 0. (40)
In the equations above we have done A5i = Φi . Considering the relations
between the parameters, we can simplify this pair of equations in the following
way:
⊡Φi + ∂
5[R−1e−3A∂5(Re
3AΦi)]− λRe2AΦi = 0. (41)
Here we have used the definition of the field strength, made i = 1, 2 and the
relation:
∂µA
µ
i = −R−1e−3A∂5(Re3AΦi). (42)
Using the method of separation of variables, with Φi(x, z) = ψi(z)φi(x), we get:
∂5[R−1e−3A∂5(Re
3Aψi(z))]− λRe2Aψi(z) = −m2ψi(z). (43)
This equation is similar to that one found in [30]. It is our intention to put
this equation in Schrodinger form. First, if we do the transformations g = e3A
and h = −λe−Ag , we can write the equation above as follow:
−ψ′′i − (ln fg2)′ψ′i − [(fg′)′ + h]ψ = m2(fg)−1ψi. (44)
Comparing this equation with an identity found in [32], we have, P = ln(fg2),
V = −[(fg′)′ + h] and Q = (fg−1).The potential for the Schrodinger type
equation, in its general form, is given by:
U(z) =
V (y)
Θ(y)2
+
(P ′(y)Ω′(y)− Ω′′(y))
ΩyΘ(y)2
.
The first and second derivatives of Ω are:
Ω′ = [ln(f−
1
4 g−
3
4 )]′Ω , Ω = f
1
4 g
3
4 (f−
1
4 g−
3
4 )′′Ω.
With these derivatives we get the following form for the potential:
9
U(z) = −[(fg′)′ + h]fg +
[
(ln f−1g−2)′(ln f−
1
4
g
−
3
4 )′
−f 14 g 34 (f− 14 g− 34 )
]
fg. (45)
In our case, we have set f = g−1 then we get for the potential:
U(z) =
3
4
g′
2
g2
− 1
2
g′′
g
− λe−Ag (46)
or
U(z) =
1
4
(3A′ + (lnR)′)2 − 1
2
(3A′′ + (lnR)′′)− λRe2A. (47)
If we consider an asymptotic RS metric, where limz→∞ = −20κ2, we get an
asymptotic potential
U = A′
2
(
9
4
+ 12λ
)
−A′′
(
3
2
− 8λ
)
. (48)
The solution that localizes the zero mode of the scalar field is ψi = e
3A, and the
value of the parameter is λ = 916 . We can easily see that like in [30], the values
for the parameters that localize the vectorial and scalar sectors are different.
This allows us to say that we can not localize both sectors at the same time. A
discussion about the simultaneous localization of both sectors is made in [33].
6 Conclusions
In this paper, we proposed a localization for a model with U(1) kinetic gauge
mixing. In the beginning, we tried just generalizing to five dimensions the action
proposed in [9]. The way we found to get rid of this problem was trying the
coupling of the gauge U(1) fields with the Ricci scalar. In fact, it was a good
solution for the problem. We showed that just for the following relation between
the parameters: λ1 = λ2 = λ and λ3 = λα, it is possible to localize the two
vector field at the same time.The parameter α is free and it is responsible to
give the strength of the kinetic gauge mixing, and make appear a particle with
charge smaller than the electric charge. We also found the explicit solutions for
both gauge fields in the localization mechanism.
We also tried the coupling with the Ricci tensor. Fortunately, it also was a
good way of localizing our model. Of course it has some few differences from
the previuos model. The solution and the parameter that localize the fields in
that case are, respectively ψi = e
A and λ = − 116 , while for the model with the
Ricci tensor are ψi = e
5A
2 and λ = −2.
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The discussion about the localization of the scalar components of the fields
was also made. To do that we considered the model with the Ricci scalar. Again
we found different values for the solution and the parameter that localize these
scalar components, they are ψi = e
3A and λ = 916 . As the values that localize
the vectorial and scalar sectors are different, they can not be localized at the
same time. The localization at the same time, of both sectors, are discussed
in [33]. All of these results were only possible due to the power of the geometrical
coupling apllied in this work.
We hope these results can help in understanding more about millicharges
from the viewpoint of extra dimensions. As perspective of future work we intend
to calculate the massive modes of this model as well as resonance oscillations.
Yet, we want to see the correction in the coulomb’s law due to the mixing of
the gauge fields.
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